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Abstract

Unitile is a game for two players on a 5×5 board. Every cell but one holds a red tile or a blue
tile. The one unoccupied cell is called the bubble. A move slides a tile into the bubble from an
orthogonally adjacent cell. Red tries to unite all the red tiles into one orthogonally connected
group. Blue tries to unite all the blue tiles. If a move unites both colors, the player who made the
move wins. If a move unites only one color, the player of that color wins. Without a further rule,
the players could slide tiles indefinitely, never reaching a decisive conclusion. Unitile provides
a rule that keeps play marching steadily toward a victory. A cycle or a deadlocked position
can never occur. Unitile is naturally finite. No separate, tacked-on rule expressly prohibiting
repeated positions is required. Applying the rule requires a computer program. The rule uses
a function that gives each color a value, the average number of random slides needed to unite
the tiles of that color, starting from the current position. Each value is an exact number, not
an estimate. Every move must lower the total of the two values, except a move that unites the
red tiles, the blue tiles, or both. Such a move ends the game and is always legal. We prove that
the player to move always has at least one legal move. A computer confirmed the same fact in
every position on the board. We also show that a simpler rule of the same kind, but based on
the fewest slides needed to unite each color, leaves some positions with no legal move.

1 Introduction

Every cell of the Unitile board but one holds a red tile or a blue tile. The one unoccupied cell is
called the bubble. On your turn, you slide a tile of either color into the bubble from an orthogonally
adjacent cell. The cell that the tile leaves becomes the new bubble. Red’s goal is to unite all the
red tiles into a single connected group. Blue’s goal is to do the same with the blue tiles.

As the game has been described so far in this introduction, players could shuffle the tiles
indefinitely, never reaching a conclusive outcome. A position could repeat after a number of moves,
or you could simply slide the last moved tile back to where it came from. The game needs one
more rule, a rule that makes the game decisive. The rule must guarantee that the player to move
always has a legal move and that someone wins.

You might try a rule that forbids repeating a position, a rule known as superko. Superko has
three problems in Unitile: 1) a position could arise in which every possible move would repeat
an earlier position, leaving the player to move with no legal move, 2) a move could suddenly be
forbidden because it repeats a position that both players have long since forgotten, and 3) superko
is an ugly rule, bolted onto the game after the fact. The first problem is common. In 20,000 games
in which each player chose at random among the moves that superko allows, 30% of the games
deadlocked in a position in which the player to move had no legal move.

What is needed is a rule under which every move brings the game closer to a decisive conclusion
and the player to move always has a legal move. Unitile uses a function for this purpose. In every
position, the function gives each color a value that measures how far the tiles of that color are from
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being united. Every move must lower the total of the two values, except a move that ends the game
by uniting the red tiles, the blue tiles, or both.

The challenge was to find a function that never leaves a player without a legal move. The player
to move is left without a legal move when no move unites a color and every possible move hurts one
color at least as much as it helps the other color. Obvious choices of function all fail somewhere.
Here are two ways in which an obvious function can fail.

1) In some positions, every possible move breaks up a group of one color without bringing the
other color any closer to being united. If the function counts the groups of each color, every move
raises the total of the two values.

2) In other positions, the two colors need the bubble in different places. Every possible move
brings the bubble closer to where one color needs it and farther from where the other color needs
it. If the function counts the slides that each color still needs, every such move helps one color by
one slide and hurts the other color by one slide. No move lowers the total.

One function that does work is built from random sliding. For each color, imagine sliding tiles
at random until the tiles of that color happen to unite. The average number of slides needed is the
color’s value, an exact number. We prove that at least one move always lowers the total of the two
values. Determining a color’s value requires an extensive calculation that cannot be worked out by
hand. A computer must be used to calculate the values.

2 The rules

Unitile is played on a 5×5 board of cells. Every cell but one holds a tile. Each tile is red or blue.
The board has twelve red tiles and twelve blue tiles. The one unoccupied cell is called the bubble.

In the starting position, the bubble is the center cell. The 24 tiles fill the other cells in reading
order, from left to right within each row, and row by row from the top. The colors of the tiles
alternate in that order. The first tile, in the top left corner, is blue. Figure 1 shows the starting
position.

Figure 1: The starting position. The bubble is the unoccupied cell in the center.

The players alternate sliding tiles, one slide per turn, starting with Red. The player to move
chooses a tile of either color that is orthogonally adjacent to the bubble and slides it into the bubble.
The cell that the tile has left becomes the new bubble. Figure 2 shows a move.
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(a) (b)

Figure 2: A move. In (a), the red tile above the bubble slides down into it. In (b), the cell that the red
tile left is the new bubble.

A group is a maximal set of orthogonally interconnected, same-colored tiles. A color is united
when all of its tiles form a single group.

The game ends as soon as a move unites at least one color. The winner is decided as follows:
1) if the move unites both colors, the player who made the move wins, and 2) if the move unites
only one color, the player of that color wins. A move can unite the opponent’s color, and a player
who makes such a move loses.

These rules alone do not make the game end. For example, after Red slides a tile into the bubble,
Blue may slide the same tile back, and the position is exactly the same as before. One further rule
decides which moves are legal. Before stating the rule, we describe what it must achieve.

3 What a progress rule must do

We look for a function that gives each color a value in every position. A position here means the
arrangement of the tiles and the bubble on the board. The value of a color measures how far the
tiles of that color are from being united. Two requirements shape the function:

1) Every move must lower the total of the two values, except a move that unites a color and
ends the game. As long as the game goes on, the total can never equal or exceed an earlier total.
No position can repeat.

2) The player to move must have at least one legal move in every position. A position in which
the player to move has no legal move is called a deadlock. We ask for no deadlocks in any position.

Together, the two requirements bring the game closer to a decisive conclusion with every move.

4 A function that fails

Before giving the rule, we look at a natural attempt at a rule and at what goes wrong with it. This
natural attempt uses the fewest slides required to unite a color as the value of the color.

In the starting position, each color needs 16 slides. Consider the rule that every move must
lower the total of the fewest slides for red and the fewest slides for blue, unless the move unites a
color. Under this rule, only four different games can be played from the starting position. Every
one of the four games reaches a deadlock.

Figure 3(a) shows the position in which one of the four games reaches a deadlock, after five
moves. In this position, red needs 12 slides and blue needs 11. The bubble has three neighbors.
Sliding the blue tile above the bubble down gives the position of Figure 3(b), in which red needs 13
slides and blue needs 12. In Figure 3(a), sliding the red tile below the bubble up gives the position
of Figure 3(c), in which red needs 11 slides and blue needs 12. In Figure 3(a), sliding the red tile
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to the right of the bubble to the left gives the position of Figure 3(d), in which red needs 13 slides
and blue needs 10. No move unites a color or lowers the total of 23. The position is a deadlock.

red needs 12

blue needs 11

(a)

red needs 13

blue needs 12

(b)

red needs 11

blue needs 12

(c)

red needs 13

blue needs 10

(d)

Figure 3: A game under the rule built on the fewest slides can reach the position in (a), five moves from
the starting position. The three possible moves in (a) lead to (b), (c), and (d). Each of the five moves that
lead to (a) lowers the total of the fewest slides. No move from (a) lowers the total.

5 The random-slide values

5.1 The definition

Imagine sliding tiles at random. At each step, one of the tiles orthogonally adjacent to the bubble
is chosen at random, each with the same chance. The chosen tile slides into the bubble. The bubble
has two, three, or four neighbors, depending on where it is. Whether the chosen tile is red or blue
makes no difference to the choice.

Definition 1. Let P be a position. Red’s value r(P ) is the average number of random slides,
starting from P , until the red tiles are united. Blue’s value b(P ) is the average number of random
slides, starting from P , until the blue tiles are united. When the red tiles are united in P , r(P ) = 0.
When the blue tiles are united in P , b(P ) = 0.

The random sliding behind r(P ) goes on until the red tiles are united, even if the blue tiles
become united first.

The random sliding unites the red tiles sooner or later. From every position, some sequence of
slides unites the red tiles. From wherever the random sliding happens to be, random sliding follows
such a sequence with a chance that is small but never zero. The chance that random sliding goes
on forever without uniting the red tiles is zero, and r(P ) is a finite average. The same holds for
b(P ).

An average of a random quantity can be an exact number. The roll of a die, for example, is
random, but the average roll is exactly 3.5. In the same way, r(P ) is one exact number for each
position P .

5.2 The Unitile rule

Definition 2. The player to move must make a move that either unites at least one color or lowers
the total r(P ) + b(P ).

A move that unites the red tiles, the blue tiles, or both ends the game. The rule always allows
such a move, even a move that unites only the opponent’s color. Every other legal move lowers the
total.
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The Unitile rule meets the first requirement of a progress rule. Every legal move either ends
the game or lowers the total. The Unitile rule also meets the second requirement. No position is a
deadlock. The proof comes next.

5.3 The averaging equation

Lemma 3. Let P be a position in which the red tiles are not united. Let P1, . . . , Pk be the positions
that the k possible slides lead to, where k is 2, 3, or 4. Then

r(P ) = 1 +
r(P1) + · · ·+ r(Pk)

k
.

The same equation holds for Blue’s value, in every position in which the blue tiles are not united.

Proof. One random slide from P leads to P1, P2, . . . , or Pk, each with the same chance 1/k. If
the first slide leads to Pi, random sliding needs, on average, r(Pi) further slides, totaling 1 + r(Pi)
slides. Red’s value r(P ) is the average of these k averages.

r(P ) =
(1 + r(P1)) + (1 + r(P2)) + · · ·+ (1 + r(Pk))

k

=
k + r(P1) + r(P2) + · · ·+ r(Pk)

k

=
k

k
+

r(P1) + r(P2) + · · ·+ r(Pk)

k

= 1 +
r(P1) + r(P2) + · · ·+ r(Pk)

k
.

In words, the averaging equation says that the average of Red’s values one slide after P is
exactly 1 less than Red’s value in P . Figure 4 shows the values in the starting position and after
each of the four possible first moves. Both colors start with the value 1147.1914. After the four
first moves, Red’s values are 1146.4013, 1145.6054, 1148.5855, and 1144.1736. The average of these
four values is 1146.1914, exactly 1 less than 1147.1914. Blue’s values after the four first moves are
the same four values in a different order, and their average is again exactly 1 less than Blue’s value
in the starting position.
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Red 1147.1914

Blue 1147.1914

total 2294.3829

(a)

Red 1146.4013

Blue 1144.1736

total 2290.5749

(b)

Red 1145.6054

Blue 1148.5855

total 2294.1908

(c)

Red 1148.5855

Blue 1145.6054

total 2294.1908

(d)

Red 1144.1736

Blue 1146.4013

total 2290.5749

(e)

Figure 4: The random-slide values in the starting position (a) and after each of the four possible first moves
(b), (c), (d), and (e). All four first moves lower the total, and all four first moves are legal.

5.4 No deadlocks

Theorem 4. In every position in which neither color is united, at least one move lowers the total
r(P ) + b(P ) by 2 or more.

Proof. Let P1, . . . , Pk be the positions that the k possible moves lead to. By the averaging equation
for Red, the average of r(P1), . . . , r(Pk) is r(P )−1. By the averaging equation for Blue, the average
of b(P1), . . . , b(Pk) is b(P )−1. The average of the totals r(Pi)+b(Pi) is the sum of the two averages,
r(P )+ b(P )−2. In any average, at least one of the numbers being averaged is at most the average.
At least one of the totals r(Pi) + b(Pi) is at most r(P ) + b(P ) − 2, and the move to that position
lowers the total by 2 or more.

Corollary 5. Under the Unitile rule, no position is a deadlock, and every game ends in a win for
one of the players.

Proof. By Theorem 4, every position in which neither color is united has a legal move, and no
position is a deadlock. Every legal move either unites a color, which ends the game, or lowers the
total. As long as the game goes on, the total keeps dropping, and no position can occur twice. The
board has finitely many positions. A game that went on forever would have to repeat a position.
Every game must end. The last move of every game unites a color and decides the winner.

In the starting position, the total is 2294.3829. Two of the four first moves lower the total by
3.81, and the other two lower it by 0.19. The four totals after the first moves average 2292.3829,
exactly 2 less than the starting total.
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Figure 5 shows the position after the first move of Figure 4(b), in which the red tile above the
bubble slid down. The bubble again has four neighbors. Three of the four moves lower the total
and are legal. The fourth move slides the red tile back up. That move returns to the starting
position, raises the total, and is not legal. Red’s values in panels (b), (c), (d), and (e) average
exactly 1 less than Red’s value in panel (a), and the same holds for Blue’s values.

Red 1146.4013

Blue 1144.1736

total 2290.5749

(a)

Red 1145.2379

Blue 1142.5025

total 2287.7404

(b)

Red 1148.0363

Blue 1139.5305

total 2287.5668

(c)

Red 1141.1397

Blue 1143.4700

total 2284.6097

(d)

Red 1147.1914

Blue 1147.1914

total 2294.3829

(e)

Figure 5: One move later. In (a), the red tile above the bubble has slid down from the starting position.
The moves of (b), (c), and (d) lower the total and are legal. The move of (e) slides the red tile back, and
the position of (e) is the starting position. The move of (e) raises the total and is not legal.

The random-slide function succeeds where the fewest-slides function failed. In about 40% of
all slides, one color’s fewest-slides value rises by 1, the other color’s fewest-slides value falls by 1,
and the total stays the same. The random-slide values change by uneven amounts. In Figure 5(c),
Blue’s value drops by more than 4.6, and Red’s value rises by less than 1.7. The averaging equation
guarantees that, in every position, one color’s drop outweighs the other color’s rise for at least one
move.

5.5 Computing the values

A computer finds the values by solving all of the averaging equations together, not by sliding tiles
at random. The values are computed once, in advance, and stored in a table. Every game uses the
same table.

As a check, the computer also tested Theorem 4 position by position. The board has 64,087,986
positions in which neither color is united. Every one of these positions has at least one legal move.
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6 Discussion

Unitile is played on the 5×5 board. A square board with an even number of rows leaves an odd
number of cells for the tiles. On such a board, the two colors cannot have the same number of tiles.
The 3×3 board is too small for an interesting game. On the 7×7 board, there are about 1.6× 1015

positions. Computing their values is far beyond the computer used for this paper.
The values cannot be worked out by hand. A program can show the players which moves are

legal. The players choose among those moves.
An open question remains. Is there a function that a player can compute in his head and that

still leaves no deadlocks?
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